We construct a nonnegative integrable function on the real line R whose Hubert transform cannot be almost everywhere dominated by the HardyLittlewood maximal function of any finite measure on R .
In this paper we construct a nonnegative integrable function on the real line R whose Hubert transform cannot be almost everywhere dominated by the (Hardy-Littlewood) maximal function of any finite measure. This answers a question from [1] . The question was motivated by apparent similarities between the magnitude of maximal functions and that of Hubert transforms as revealed, for example, by the Hardy-Littlewood maximal theorem and Kolmogorov's theorem (see e.g. [4] ), Zygmunds theorem [4, Theorem 4.4], Burkholder-GundySilverstein's result [3] , and more recent results of Noell and Wolff [5, Proposition 0.6] (reproduced in [1, Theorem 5] ) and Bruna and Korenblum [1] (see also [2] ). Our present result can be compared with a complementary result of Noell and Wolff [5, p. 40] saying that if n is the product measure on the Cantor set then for each finite measure /u on the real line max{0, Mn -\Hß\] £ L{ loc(R), where the operators M and H are defined below.
Throughout this paper let a measure be a nonnegative finite Borel measure on the real line R. If ¡x is a measure then its Hubert transform is defined (almost everywhere) as Hfi(x) = lim i ^M , x e R. Our construction makes use of the fact that the maximal function of a measure with the density function equal to the characteristic function of a finite nondegenerate interval multiplied by a constant is bounded by this constant while the Hubert transform of such a measure has singularities at the endpoints of the interval. This situation will not change much if we replace such a measure by another measure that is close to it. This is expressed in some quantitative terms in the following two lemmas. The inequalities (18) and (19) imply (17).
Lemma 3 implies the following fact which seems interesting enough to call it a theorem. Theorem 1. Let sequences (nk) and (6k) satisfy the assumption of Lemma 3. Let n be the product measure on the Cantor-type set E = f|^=i Ek associated with these sequences, that is n is a probability measure supported on E such that for each k all the components of the set Ek have the same n measure. To prove our main theorem let us introduce an auxiliary notation. For each finite closed interval 7 of the line R and each real function g defined on 7 let us set Lj(g) = ini{ß{R) : ß is a measure with Mß > g a.e. on 7}, where we assume that inf 0 = +00. Note that in the definition of L¡(g) we can restrict ourselves to measures concentrated on 7 since for each measure ß we have Mß(x) < M(ß\j + //((-00, a))öa + ß((b, +oo))ôb)(x), x G 7, where a and b are, respectively, the left and the right endpoints of 7, and Sa and ôb are the Dirac deltas. Since n was arbitrary we have L,Q x,{Hg) = +00, which is all we need to complete the proof.
